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Abstract

This study concerns the demonstration of Adams-Bashforth formulas for solving multi step value problems and their corresponding error terms.
It shows the users how these formulas have been obtained and enables them to write their own computer programs for their concrete problems
instead of managing already prepared ones which probably do not fit with their works.
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FEW RECALLS

When investigating functional relationships between two or more variables, appropriate instruments are used. The investigated
phenomena are usually continuous and therefore, should be represented by continuous analytical functions. But none of the used
instruments can give these functions. To reach this goal, continuous phenomena are transformed to discrete ones fixing in advance
some nods x; in the considered field and finding experimentally the value of the function at these nods, say y; =f(x;),1=0, 1, 2, ...,
n. Thus, the searched function is known at some nods and presented in tabular form, conferred Table 1.

Table 1. Form of presentation of a relationship between two variables x and y from an experimental information

X X0 X1 e Xn
Yi Yo Y1 e Ya

Sometimes, the phenomenon can also be presented in graphical form when other special instruments are used. But the most
encountered form is tabular. So having Table 1 representing y;=f(x;), a polynomial of a given order n, P,(x), very closer to the
unknown function y=f(x), could be found such that for any nod x;, we have y=f(x;)=P,(x;).

For solving such problems, many polynomials have been elaborated. The most encountered ones are the Lagrange and the Newton
interpolating polynomials noted by P,(x), n - the degree of P(x).

For n nods, x;, i=0, 1, ..., n, the Lagrange interpolating polynomial is:
Py(x) = f(x0)Lo(x) + f(x)Li(x) + f(x2)Lo(X) + ... + f(Xy)Ln(X). @

Li(x),1=0, 1,2, ..., n, are the Lagrange polynomials given by:

(x—x0) (x—x1) (x=x2) .. (x—Xi—1) (X=X 4+1) ... (x—xp)
L(x) = : 2
%) (xi—2x0) (xi—x1) (xj—x2) .. (X —xi—1) (X=X 4 1) - (i —X0) @)
Writing (2) as:
(—x0) (r—2x1) (x=22) .. (X—%i- ) X=%it 1) (X=2n) _ n (x-xi) 3)
(%j=x0) (xj=x1) (%j—*2)..(xj=xi-1) (%= %i+1) - (xj=2n) i ()

and introducing the well-known sum symbol, ), , (1) can be given the form:

Po(x)=Zi0 (37 Li ()= 0 £ (27) [Tiso -2 “

]¢i (xl'_xl').
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The Newton interpolating polynomial is:

Py(x) = ap + a;(x-xg) + ax(X-Xg) (X-X1) + a3(X-Xg) (X-Xq1) (X-Xx2) + ... +a,(X-Xg) (X-X1) (X-X2)... (X-Xp_1). S
Its coefficients are to be found recalling that:

Pu(x;) = f(x;),i=0,1,2,...,n. )

Introducing the divided differences and taking (5)-(6) into account, these coefficients are:

- _ fOG1)-fxo) _
0= 1), a) = LE0LE0 gy ) ™
4= flx2)= fxo)— (X2 = x0)f [x1 Xo ] 8)

(x2—x0)(x2—x1)

Remarking that

f(x2) — f(xo) = f(x2) — f(x1) + fi(x) — f(x0) =
fixa) — ) + LEL LD )=

(x1—x0)

f(x2) — f(x1) + £ [x1, X0](X1 — Xo), )]

we easily have

a,= flx2,x1]- flxa.xol _ fxs, X1, Xo. (10)

X2—X0

Proceeding the same way, we come to the general formula:

FIXiXi—1 Xi-2 v X2 X1]= f[Xi—1, Xi—p, . X2, X1, Xo] a1

& = 1]X;, X1, Xi25 ++05 X2, X1, Xo] = = X1—x0

Thus, the Newton interpolating polynomial can be given the forms:

Po(x) = ag + f]x1,X](X-Xo) + X2, X1,X0](X-X0)(X-X1) H]X3, X2, X1,Xo](X-X0)(X-X)(X-Xp) + ... +
Xn, Xne1s Xn2s -5 X2, X1, X0 (X-X0)(X-X)(X-X2). . . (X-Xp2)(X-Xp.1 )=
f(xo)+ Xiza FIx0 Xi—1, Xi—z, v, X2, X1, X (X-X0) (XX )(X-X2). .. (X-Xi2)(X-Xi.1). 12)

Approximations of the function f(x) given by (4) and (12) generate an error E(x) given by:

0+ D g (x))

E(x) = x) ~ Py(x) = T o (x = x0), (13)

where f""V(&(x)) is the derivative of order n+1 of f(x) and &(x) - a point in the open interval generated by the nods x;, i = 0, 1, 2,
..., nand x. As f(x) and the exact position of (x) are undetermined, it is not possible to express the (n+1)th derivative of f(x) or to
find its value. To overcome this difficulty, this derivative is generally replaced by the absolute value of the upper boundary of
f"*D(x) in the considered interval. Formula (13) is related to the Lagrange interpolating polynomial. For the Newton interpolating
polynomial, this error is:

E(X) = f(X) - PH(X):ﬂ:X, Xns Xn-1s Xn2s -5 X2, X1, XO) H?:O(x - xi)' (14)
POSITION OF THE PROBLEM

Many physical phenomena are described by the first order differential equation associated to the initial condition:

d
= =10xy), ¥(%0) = Yo (15)
Integrating (15) in the interval [x;,X;4;] gives:

xi+l i+1

X

[ “lax= | oy (16)
dx

X,- -xi
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The solution of (15) is:

-x[+1
Yox) = y0) |y an
Xi

Assume that f(x,y) is known only at some equidistant nods, x;, with step h=x;—x;,, n=1,..., k:

(i, X y(X)))s (Xier,f(Xi1,Y(Xi1)))s (X2, f(Xi2,¥(Xi2))) -5
(Xt H(Xi- Y (Xik))-

Expressing the nods in this manner indicates that we are going from the bottom to the top of the table of experimental data.
f(x,y) is unknown, so (17) cannot be determined. Thus, f(x,y) should be replaced by P,(x) defined by (4) or (12). Because of its
simplicity and shorter time of execution, formula (12) is frequently used.

When starting interpolation from the top of the table of experimental data, (12) has the form:

Py(0) = f(x0) + L0 x-xg) + ELED ) + ELE ) (xx1) (x30) + <o+ 2 ) (k1) (x30). (1) as)
Where

Af(x) = f(x+h) — f(x),

A (af(x) + Bg(x)) = 0 f(x) + BAg(Y). (19)

A" f(x)=A (A f(x)), =0, 1,2, ...
When starting from the bottom of the table of experimental data, (12) has the form:

V3£ (xm)
31h3

T (X (55) (%) o+ L) x) (50) o (%) (20)

n'hm

Po(X) = f(Xp) + L(xx,) +

(XX (X-Xgr1) +
Where

V f(x) = f(x) — f(x-h),

V (af(x) + Bg(x)) = aV f(x) + BVg(x), 21)
V' (x) =V (V' f(x)),i=0, 1,2, ...

(18) and (20) are respectively the forward and backward interpolating formulas of Newton.

Based on (14), (20) and (21), the interpolating polynomials of Newton for k from 0 to 5 with their error terms to replace f(x,y) are
the next expressions.

For k =0, i.e. only one interpolating nod (x;, f(X;,y;)).
f(x,y) is estimated by:
Po(x,y) = f(xi,yi) = f(xi,y(x1)), (22)

and the function is:

X—Xj

fx,y) = fxy) + =~

£(Miy(ni)), xi < M; < Xisre (23)
For k=1, i.e. two nods (x;,f(x;,y;)) and (X;.;,f(Xi.1,Yi-1))-

The polynomial to estimate f(x,y) is:

Vf(xiyi
Pi(x, y) = x,yi) + 2 (x-x), @4)
and the function is:
Vf(xiyi) x—xi > (x—x) (x—xi—
fxy) = fxy)+ LI oy PEZLEIE <y < 25)

For k =2, i.e. three nods (X;,f(x;,y1)),(Xi.1,f(Xi-1,¥i-1)) and (Xi2,f(Xi.2,¥i.2))-
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The polynomial to estimate f(x,y) is:

Vif(xiyi)

Vf(xiyi) .
Pa(X, ) = f(5y1) + =2 (XX + = 2P (X)) (XXim1) (26)
and the function is:
f(x,y) = f(xi,yi) + wg}‘ly‘) (x-x;) + v ZEZ‘Z”)(X x)(x-xi-1) + £ (ay(; e x;,l)(x Y2 < n; < Xist. (V)

For k =3, i.e. four nods (x;,f(x;,y5)), (Xi-1,f(Xi-1,¥i-1))» (Xi-2 f(Xi.2,¥i-2)) and (Xi.3,£(Xi.3,¥i-3))-
The polynomial to estimate f(x,y) is:

Vi3 f(xiy)

2€0x: Vi
V/(xl Yi) (X-Xi) + VEf(xiyi) re

oz XD (XXim)F

Py(x, y) = f(xuy;) + ——— (X-Xi)(X~Xi1) (X-Xi2), (28)

and the function is:

Vf(xiyi V2f (xiyi V3 xiyi (e=xp) (x=%i—1) (x=%i—2)
0,y) = f(x5ys) + T2 (x-x3) + TLC o) (x0T ) (5K (x-Ki) + 19 (sy(; ) SRR,

X < 'I’]i < Xit1- (29)

For k=4, i.e. five nods (x;,f(Xi,y1), (Xi-1,{(Xi.1,yi1)), (Xi2s (Xi2,¥12))s (Xi3, f(Xi3,¥13)) and (Xia,£(Xi4,¥i.4))-
The polynomial to estimate f(x,y) is:

V3 iy)

260 Vi
V/(xl Yi) (X-Xi) + VEf(xiyi) T

o () (6) (6%02) - TR ) (. ) (x-X) (x%0) (30)

(X-Xp)(X-X=1)+ nt

P4(X Y) f(xleI) T

and the function is:

Vf(xuyi) Vif(xiyi) V3 (xy) VA (i)
f0x,y) = fxiys) + =7 (X%0) + =5 5= (XX (XXim )+ = s (XX (XX )(XXi) + — P am o (XXi) (XX ) (X-Xi2) (X-Xic3) +

f(S)( (nl’y(n )) (x—x;) (x—xi—1) (x— xLSIZ)(x xi-3) (x—xj— 4—)’ X; < ni < Xirp. (31)

For k=35, i.e. six nods (x;,1(x3,¥1), (Xi-1,{(Xi-1,¥i-1))> (Xi2> T(Xi2,¥i2))s (Xi3, T(Xi3,¥13)) (Xia» [(Xia,¥ia)) @and (X5, (X5, Yis)-

The polynomial to estimate f(x,y) is:

Vf(xiyi V2 f(xiyi V3f(xiyi Vi (xiyi
Ps(x, ¥) = f(5y) + T () + T 0 ) (R ) R D o) (K- ) (K- e e (-) (KX ) (XX (KX
V3 f(xiyi)
o ) (XX (XX ) (XX 3) (XX ) 32)

and the function is:

v V2f(xiyi Vv3f(xiyi VA (xi,pi
Fx.y) = ) + 2829 (e TIED o 1 LD ) o o P LD ) e ) (5 2) (1) +

V2 f(xiyi —Xi) (X—Xj—1) (X—Xj—2) (X—Xj—3) (X—Xj—4) (X—Xj_
TG0 ) (x-i) (6 2) (3% ) 00) 9 () EEMDONDOXDO NN <y <, (33)

The complexity of the interpolating formulas gradually increases with k. This is why higher order interpolating polynomials are
rarely encountered. When going through the literature, only final operational formulas for solving (15) and the orders of their
corresponding error terms generated when replacing f(x,y) by P,(x,y) are given. The goal of the present work is to demonstrate the
six firsts formulas of Adamas-Bashforth, k = 0, 1;2, 3, 4, 5, with their corresponding error terms. Surely that this will permit a
deeply understanding of these formulas and will enable the users and researchers to develop fitting formulas for solving other
specific problems, appreciating at the same time terms to be neglected and the errors generated.

DEMONSTRATION OF THE SIX FIRSTS ADAMS-BASHFORTH FORMULAS

Recall the solution (17) of (15) and (33). We have the integral:
Xis xi+l

. v 3 Ly
Roey)dx = [ (R0 +LE22 (e TIEDyx + TLED ) (o ) xxa)

Xi Xi
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V4 (xiyi VS f(xiyi

L ) (51 (X126 )+ om0 (0.1 ) (X 2) (KX ) (XX ) +
(%) (=i 1) (X=X~ 2) (X—Xi—3) (X~ Xi—4) (*=Xi _

f(6)( (nny(nl)) X—Xij) X—Xj—1)(X—Xj-2 6x| Xi—3) (X—Xj—4) (X=X, 5))dX.

The second member of (34) contains seven integrals which should be calculated step by step.
First integral:

Xist Xis
f(x;,y1)dx=(f(x;,yi)=const)=1(x;,y;) J. dx=1(x;,yi)(Xi+1-X)= f(x;,y3)h.
X Xi

Recall that the interpolating nods are equidistant.
Second integral:

Xit Xis

Vf(xzyz) Vf(xzyi) Nae - Gy (Fiva—x)?
j (LD (4 x))dx = [ Goxydx = TG0 (e
Xi Xi
fGuy)—f(i-1.yi-1) b h
= LoupD Gt I () -fxi1yi )
Third integral:
Xin Xis
v2 f(xiyi) v2 f(xl Yi)
j (L) xoxiedx = LI [ (o).
Xi X
37
Recalls:
2 fe)=Fxizg)_ f(rim1)- f(xi-2)
Vi) _ [Xi2s Xt Xi] = flxi—2Xi-1]= flxi-axi] _ flxiXi-a]= flxi-a%i-2] _ h h _S&D 5 f&i-)
21h2 i-2> Al A Xi_z— Xi Xi— Xi—2 2h 2h? 2h?

Considering (38), the coefficient of (37) is:

V2 Gy _ fEiy) 5 f@im1yicn) | fGim2ico)
2!h2 2h2 2h2 2h2

As the nods are equidistant, they can be defined by the formulas:
= x; + ht whence dx = hdt, x;.; = x;—h, (x-x;)(x-x;.;)dx = (x; + ht — x;)(x; + ht — x; + h)hdt = h*(* + t)dt

For x =x;,t =0 and for x = x;,1, t = 1 so the integral in (37) gives:

xi+l 1
(x-x;)(x-X;-1 )dx = h? I & +t)dt =22
X 0,
Whence the searched integral:
x1+1 s
v?2 VEf(xiyi) f(xiyi) fxi—1.yi-1) | f(xi—2¥i-2)\ 5h FxiyD Ftim1,yie ) ficzyiez)
RET J. (o) (xxim)dx = (5557 - 2 222 o 12221 Z)T 262 10 222 S 12221 :
X
Fourth integral:
xt+l
v3
TLED [ (o) xoxi) (512
xl

Considering (40), the integral of (43) becomes:

fxi-2)

2h2

(34

35)

(36)

(3%

39

(40)

41)

42)

“3)
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xi+l

(X355 (5 ) = h4j (€ +3¢ +20)d =2
X 0,
Recalls:

_ flxixi—1xi—2]— flxi—1,xi-2,%i-3]
1IXi, Xi-1, Xi2, Xi3] =
Xi— Xi-3

_ flxixi—1xi—2]— flXi-1.Xi-2.%i-3]

3h
flxixi—al= flxi—1.xi-a] flxi—a.xi-p]~flxi—pxi-3]
— 2h 2h
3h
_ FG)=-3f (i) +3f (xi—2)—f (xi-3) _ V3f(xi)
6h3 31h3

So the coefficient of (43) is:

Vruy) _ feay)-3f(i1Yi—1)+3f Xi—2.Yi—2)—f(Xi—3.Yi—3)

313 6h3

and the fourth integral is:

)C,+1

V Dl
TR0 [ (o) xoxi) (x-xi2)dx =

xl
9h4 f@y)=3f im1yi-)+3f (Xi—2,¥i-2)—f (Xi=3.Yi-3) _
6h3
- (f(X1 2yi) = 31Xt Lyio) + 3 f(Xi ,yio) - f(Xis ,yis)-

Fifth integral:

xl+|

\4

TIE0 [ (o) (x3)xx2) (5
Xi

Considering (40), the integral of (47) is:

x:'+l

(X-Xi)(X~Xi1 ) (X-Xi2) (X-Xi.3) dx =
Xi
[y (6t 16t d =2’

Recalls:
FlepxioaXimpl=flxi—a Xiop i3] flxioaXiog%iog]=fli—p%i—3%i—4]
f[Xi, Xi1,Xi25 Xi3 Xia]= flxpxio1,Xi-p.Xi- ;] ﬁl[x: 1Xi—2Xi-3Xi-al _ (Xi-Xpq = 4h) = Xi—Xi_3 — Xji—1=Xj_4
= (X;-X;.3 = 3h, X;.1-X;4=3h) = (proceed step by step by analogy) =
Vf(xi,
= L0 - 48(1) + 66(x,2) - 4f(xp3) + f(x,0)) = T2
whence the searched coefficient and integral, respectively:
VA (xiyi
TLEID e f031) - 4Xiy11) + (X2, ¥i2) - 46(Xi5,¥i3) + X Yia)),
le
vAf(xpi 251h
ff;clz;y ) j (X Xl)(X ~Xi- 1)(X -Xi- 2)(X -Xi- 3) dx. = _(f(XDYI) 4f(xl 1,Yi- 1) + 6f(X1 2,Yi- 2) 4f(xl 3,Yi- 3) + f(xl 45Yi- 4)))
Xi
Sixth integral:
x:+l
v )l
IO (o) cowi ) (5-32) ()5

Xi

(44

(45)

(45a)

(46)

47

(48)

49)

(50)

(1)
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Considering (40), the integral of (51) is:

x:'+l
(XXX KX (3K (XX )dx = W[ (E+1064+356+500+24t)dt = “2h (52)
X:
Recalls:
X, %oty Xiz, Xis, Xia, Xis]= flxixi—1Xi—2Xi-3.Xi—a]=f[Xi—1.Xi—2Xi-3.Xi—aXi-5] _ = (Xi-Xis= 5h) =

Xi=Xj-5
= (confer to the previous coefficients) =

(F06)- 506+ 1080x,.2)- 105(x,)+5T(x10)-f(x1.5)) = TLEL,

120h5 51h5

Consequently the searched coefficient and corresponding integral are respectively:

VS f(xiyi
% = 12;,15 (x5, 1) -5 1(Xi1,yi- )T 10f(Xi2,¥1.2) -106(Xi.3,Y53) 5 (X4, Yia)-T(Xi25,Yi105)), (53)
Xit
v f(xl Yi) 1 475h
RTE I (X (XXio)(X-Xi2) (X-Xiea)dx = = (3, ¥0)-5 (X1, Y1) T 10f(Xi.0,¥i2)-1 0f(Xi3,¥i.3)+ 5134, ¥104) -f(Xis,¥i05)) (54)
xl

From the expressions of the above six firsts integrals of (37), it is possible to obtain different estimations of the solution of (15) for
different k called the formulas of Adams-Bashforth. Moreover, it is also possible to develop the expression of the error terms
generated by these estimations, assuming that f(x,y) is continue with its derivatives till needed order.

For k=0, (35) is the estimation of the solution of (15):

Y(Xir)=y(x;)Hhi(xi,yi), (55)

and its error term is given by the integral of the last term of (23):

Xitl Xis1
% fMiy(mi)) = £(&,y(&i)) J. (x-xp)dx = (&, y(&; ))h?, Xi <My & < X (56)
)C,» xi

Adding (55) and (56) gives the exact solution of (15):

Yk~ hflay) + Py (E ) 57)
which is usually called the one step formula of Euler.

For k=1, add (36) and (55) to obtain the estimation of the solution of (15):

YO0 =Y (ARG Y+ (%)Y g = = YO0+ BRRey)-0K1,i))g, (58)
which the Adams-Bashforth formula of order two.

Its error term is given by the integral, conferred (25):

Xis Xitt
Py () = 205 y(5)) [ (o) (exi)dxs
X Xi
AP EYEDN [ e(E+ 1dx= 2 WPEYED), X< M8 < X, (59)

Whence the exact solution of (15) adding (59) and (58):

Y1) = Y60 + (R y)s + 5 B EY(E D, X< 0y &< xin (60)
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For k=2, adding (58) and (42) gives the estimation of the solution of (15):

Y%k = Y06) + (BE04) - F0i,yin))y + 35 (5 L5300 — 10 LEEIID) 4 5 JEERIER),) () + — h(23(x,y)-16 i1, Yo} FS £(Xi2,¥i), (61)

(61) is the Adams-Bashforth formula of order three. Its error term is given by the integral, conferred (27):

.Xi+l

.[ 9y ))(x x) (x— x;l)(x Xiz2) 4o =
Xi
Xi
Gy | RO = A (@3 20de= 2 G YE)), %< Ny & < X, 62)
Xi

whence the exact solution of the set problem adding (62) and (61):
Y1) = Y05 B2380xy)-16 £(xi,y1)+5 fxia,yia) + 2h* GG, % <y & < i (63)

For k=3, add (61) and (46) to obtain the estimation of the solution:

(X1+l) Y(Xl) + = h(23f(X1aY1) 16 f(Xl 1,Yi- )+5 f(xl 2,Yi- 2)) + — (f(Xl 7y1) 3 f(xl 1-Yi- ) +3 f(Xl 2 5Yi- 2) f(Xl 35Yi- 3))
= Y(Xi)+2 " (55f(Xi,Yi)-59 (X1, yi) 137 f(xi—ZsYi—Z))'9f(Xi—3sYi-3)) (64)

(64) is the Adams-Bashforth formula of order four. Its error term is given by the integral, conferred (29):

XH-I

f(4)( Muy(M:)) (x—x;) (x—x;— 1i|(x Xi_2)(x— %3

Xi

L0 9 Euy(@) J £t + D&+ 2)(E + 3)dt =

20 O Ey(E))s % < My < X, (65)

whence the exact solution of (15) is given by the expression:

Y(ie1) = YK (550,59 FXin,Yir) 37 (i, i) 9fis,yia)+ oo’ £ (Ey(E ), xi < My & < Xi (66)
For k=4, add (64) and (50) to obtain the estimation of the solution:
251h

y(XiH) Y(X1)+ (55f(Xuyl) 59 f(Xl 1Yi- 1)—"_3}7 f(xl 2,Yi- 2)) 9f(X1 3,Yi- 3))+ (f(Xuyl) 4f(X1 1Yi- 1) + 6f(X1 2,Yi- 2) 4f(xl 3,Yi- 3) + f(xl 45Yi-
4))) = y(xi)+ 5 h(1901f(xl,yl) 27741(Xi.1,yi1) + 2616£(Xi2,yi0) - 1274f(xi-3a}’i-3) +2511(Xi.4,yi4))) (67)

which is the Adams-Bashforth formula of order five. Its error term is given by the integral, conferred (31):
X i+1

j 5 (n,y(n ) T2 xi-n) & x15|2)(x xi)(exioa) §
Xi
LR E(Gy(@)) Jy £t + (& +2)(E + 3)(E + )t = b 19 (Gy(&). % <M, & < X (68)

So the exact solution of the set problem is given by the expression:
y(Xin)= y(xi)+ %h(1901f(xia}’i) - 27748(X;.1,y1) T 26166(X12,yi.0) - 12741(x;3,y1.3) + 251f(Xi4,yi)))+ 288116 fOEYED), X <& <xiq (69)
For k=5, add (54) and (67) to obtain the estimation of the solution:

Y(Xn)+ h(1901f(XuY1) 2774(Xi.1,yi1) + 2616f(Xi.0,yi2) -
5h
1274f(xi 3,Yi 3) + 251f(Xi4,¥i4))) T 7 ——(f(x4,y1)-54(Xi.1,¥5-1)H LOf(Xi0,¥i.2)- 1 08(Xi.3,1-3)+ 5 (X4, Y1) -T(Xi5,Yi5))

1440
= y(x;) +—— h(384941(x,;,y;)-713071(X;.1,yi.1)+89838 f(Xi2,yi2)- 65682 f(Xi3,yi3)+25893 f(X;4,yi4)-4275 f(Xis,yis)) (70)

12960

(70) is the Adams-Bashforth formula of order six. Its error term is given by the integral, conferred (33)::
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fx? £ (Muy(n:)) (X_Xi)(X_Xi—l)(x_xi—z)(6X!—Xi—3)(X—Xi—4—)(x_xi—5))dX:

19087
84

= S FOCGYED [ (o) (i) (xX02) (xXi3) (xXig) (xxi)dx =2 0 EOCG(ED) s X<y & < i (71)

Whence the exact solution of (15) obtained adding (71) and (70):

1

12960 h(384941(x;,y)-713071(xi.1,yi-1) 89838 1(Xi.2,¥i-2)- 65682 (X 3,¥i-3)+25893 f(Xi4,yi4)-4275 1(Xi5,yi5))+
h fOC Gy (&) s xi <My & < Xio (72)

y(Xir)= y(x) +
19087
84

As indicated above, the expressions of these error terms are operationally unused conditions as the exact position of the nod §&; is
unknown. To overcome this difficulty, users frequently determine the maximum absolute value of the corresponding derivative in
the interval [x;, X;+1] to estimate their upper boundaries.

To end this section, some domains of applicability of the established formulas should be pointed out. Obviously, these domains are
various. Mining prospections and weather forecast could be pointed, between others. Remark that for i=0, formula (70), gives:

y(x1) = y(Xo) +@ h(384941(x0,y0)-71307(x.1,y.1)+89838 f(X.5,y.5)- 65682 f(x.3,y.3)+25893 f(X.4,y.4)-4275 f(X.5,y.5)). (73)

In the case of the weather forecast the variable x should represent the time in days and y(x) — the daily temperature of the air,
y(Xo+1)=y(X;) should be the daily temperature of the air the coming next day. Not only the temperature of the actual day, y(xo),
should be needed, but also its values registered five days before should be required, respectively, y(x.1), y(X.), ¥(X.3), y(X.4) and
y(x_5). So, six initial values should be needed. If these values are not available, they should be estimated by other formulas like the
Runge-Kutta ones, the most encountered. When i will increase, the number of initial values will decrease to zero when i=>6.
Similar analysis could be done for other estimations.

CONCLUSION

The demonstration of these formulas will certainly easy their better understanding by the users and enable them to write more
complete computer programs for solving concrete problems instead of using already prepared ones written for other works
probably different from what they have. Moreover, users will be able to estimate the upper boundary of the errors generated by
correspondent estimations, what will help them having more accurate appreciation on their results.
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