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Abstract 
 

Calibration technique is becoming more important in sample survey. Calibration estimation helps in improving the estimates of population 
parameters by making use of auxiliary information. This paper proposed a new calibrated estimator for estimating the population mean in 
stratified random sampling with a set of new calibration constrains using known coefficient of variation of the auxiliary variable. A new 
improved calibration weights are derived by using constraints with coefficient of variation of the auxiliary variable in addition to the constraint 
utilize by Tracy et al. (2003). An empirical comparison of the suggested estimator is carried out by using an artificial population to compare the 
result of the proposed method. 
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1. INTRODUCTION 

 
Calibration estimation can be defined as a method of adjusting weight in survey sampling in order to estimate population parameters 
with the help of auxiliary information. The definition of calibration is given by Devill and Sarandal (1992) in the paper “Calibration 
estimators in survey sampling”. There are many studies which make improved calibration techniques for estimating population 
parameters such as kim et al. (2007), Singh and Arnab (2011) etc. In the stratified random sampling, calibration approach is used to 
get optimum strata weights. Tracy et al. (2003) and Kim et al. (2007), Singh and Arnab (2011), Koyuncu and Kadilar (2013) etc. 
suggested new calibration estimators in the stratified random sampling. This work proposes a new calibration estimator for 
estimating population mean with the set of new calibration constraints by using coefficient of variation. 
 

2. Notations defined in Calibration Estimation 
 
Consider a finite population of size 𝑁 be divided in to 𝐿 homogenous subgroups called strata, with the ℎ-th stratum containing  𝑁ℎ 
Units, where ℎ ൌ 1,2, … … 𝐿  and∑ 𝑁ℎ ൌ 𝑁௅

ℎୀଵ . 
 

A sample of size 𝑛ℎ is drawn using simple random sampling without replacement (SRSWOR) from the  ℎ𝑡ℎ  stratum such 
that∑ 𝑛ℎ ൌ 𝑛௅

ℎୀଵ . 
 

The sample and population mean of study and auxiliary variable are𝑦തℎ ൌ
ଵ

௡ℎ
∑ 𝑦ℎ௜
௡ℎ
௜ୀଵ  and 𝑌തℎ ൌ

ଵ

ேℎ
∑ 𝑦ℎ௜
ேℎ
௜ୀଵ  respectively. The sample 

and population mean of auxiliary variable are 𝑥̅ℎ ൌ ∑ ௫ℎ೔
௡ℎ

௡ℎ
௜ୀଵ    and  𝑋തℎ ൌ ∑ ௑ℎ೔

ேℎ

ேℎ
௜ୀଵ     respectively. The sample population variance of 

the auxiliary variable are   𝑠ℎ௫
ଶ ൌ ∑ ሺ௫ℎ೔ି௫̅ℎሻ

మ

௡ℎିଵ

௡ℎ
௜ୀଵ    and   𝑆ℎ௫

ଶ ൌ ∑ ሺ௑ℎ೔ି௑തℎሻ
మ

ேℎିଵ

ேℎ
௜ୀଵ   respectively. The sample and population coefficient of 

variation of the auxiliary variable are 𝑐௫ℎ ൌ 𝑠ℎ௫/𝑥̅ℎ and 𝐶௑ℎ ൌ
ௌℎೣ
௑തℎ

respectively. Where 𝑠ℎ௫ and 𝑆ℎ௫  are the sample and population 

standard deviation respectively. 
 
The classical unbiased estimator of population mean in stratified random sampling is given by𝑦ത௦௧ ൌ ∑ 𝑊ℎ𝑦തℎ

௅
ℎୀଵ    (2.1) 

Where 𝑊ℎ ൌ
ேℎ
ே

 is the stratum weight, which are obtained through the minimization the distance function given in (2.2) subject to 

different calibration constraints. 
 

∑ ሺΩℎିௐℎሻ
మ

ொℎௐℎ
                                            ௅

ℎୀଵ                                                                                                                       (2.2) 

 
Where Ωℎare the calibrated weights. 
 

3. Some Existing Calibration Estimator For Stratified Sampling Population Mean 
 
Different calibration estimators have been proposed in literature for estimating the population mean of a stratified sampling using 
the auxiliary variable. Some of the calibration estimators are reviewed below. 
 
*Corresponding Author: Ruchi Shakya 
Department of Statistics, St. John’s College, Agra, UP, India 



3.1 Tracy et al. (2003) 
 
The calibration estimator for the stratified random sampling is defined by Tracy  et al.  (2003) as 
𝑦ത௦௧ሺ𝑇𝑟ሻ ൌ ∑ Ωℎ

௅
ℎୀଵ 𝑦തℎ                                        (3.1) 

 
Where Ωℎ are the weights minimizing the chi-square distance function 
 

∑ ሺΩℎିௐℎሻ
మ

ொℎௐℎ

௅
ℎୀଵ               (3.2) 

 
And the calibration constraints are given in equation (3.3) and (3.4) 
 
∑ Ωℎ𝑥̅ℎ ൌ ∑ 𝑊ℎ𝑋തℎ

௅
ℎୀଵ  ௅

ℎୀଵ                                  (3.3) 
∑ Ωℎ𝑠ℎ௫

ଶ ൌ ∑ 𝑊ℎ𝑆ℎ௫
ଶ௅

ℎୀଵ  ௅
ℎୀଵ                                (3.4) 

The proposed estimator by Tracy et al. (2003) is expressed as: 
 
𝑦ത௦௧ሺ𝑇𝑟ሻ ൌ ∑ 𝑊ℎ𝑦ℎ ൅ 𝛽መଵሺ்௥ሻሺ∑ 𝑊ℎሺ𝑋തℎ െ 𝑥̅ℎሻ

௅
ℎୀଵ ሻ௅

ℎୀଵ ൅ 𝛽መଶሺ்௥ሻሺ∑ 𝑊ℎሺ𝑆ℎ௫
ଶ െ 𝑠ℎ௫

ଶ ሻ௅
ℎୀଵ ሻ        (3.5) 

 
Where, 
 

𝛽መଵሺ்௥ሻ ൌ
ሺ∑ 𝑄ℎ𝑊ℎ𝑠ℎ௫

ସ௅
ℎୀଵ ሻሺ∑ 𝑊ℎ𝑄ℎ𝑥̅ℎ𝑦തℎሻ െ ሺ௅

ℎୀଵ ∑ 𝑄ℎ𝑊ℎ𝑥̅ℎ𝑠ℎ௫
ଶ௅

ℎୀଵ ሻ൫∑ 𝑊ℎ𝑄ℎ𝑠ℎ௫
ଶ 𝑦തℎ

௅
ሼℎୀଵሽ ൯

ሺ∑ 𝑄ℎ𝑊ℎ𝑠ℎ௫
ସ ሻሺ∑ 𝑄ℎ𝑊ℎ𝑥̅ℎ

ଶሻ െ ሺ∑ 𝑄ℎ𝑊ℎ𝑥̅ℎ𝑠ℎ௫
ଶ௅

ℎୀଵ ሻ௅
ℎୀଵ

௅
ℎୀଵ

ଶ  

 

𝛽መଶሺ்௥ሻ ൌ
ሺ∑ 𝑄ℎ𝑊ℎ𝑥̅ℎ

ଶ௅
ℎୀଵ ሻሺ∑ 𝑊ℎ𝑄ℎ𝑠ℎ௫

ଶ 𝑦തℎሻ െ ሺ∑ 𝑄ℎ𝑊ℎ𝑥̅ℎ𝑠ℎ௫
ଶ ሻ௅

ℎୀଵ ሺ∑ 𝑊ℎ𝑄ℎ𝑥̅ℎ𝑦തℎሻ
௅
ℎୀଵ

௅
ℎୀଵ

ሺ∑ 𝑄ℎ𝑊ℎ𝑠ℎ௫
ସ ሻሺ∑ 𝑄ℎ𝑊ℎ𝑥̅ℎ

ଶሻ െ ሺ∑ 𝑄ℎ𝑊ℎ𝑥̅ℎ𝑠ℎ௫
ଶ௅

ℎୀଵ ሻ௅
ℎୀଵ

௅
ℎୀଵ

ଶ  

 
3.2 Nidhi et al.(2007) 
 
The basic unbiased estimator of stratified random sampling is defined as 
 
𝑦ത௦௧ሺேሻ ൌ ∑ Ωℎ

௅
ℎୀଵ 𝑦തℎ                                              (3.6) 

 
Where Ωℎ are the weights minimizing the chi-square distance function 
 

∑ ሺΩℎିௐℎሻ
మ

ொℎௐℎ

௅
ℎୀଵ                                                         (3.7) 

 
And the calibration constraints are given in equation (3.8) and (3.9) 
 
∑ Ωℎ𝑥̅ℎ ൌ ∑ 𝑊ℎ𝑋തℎ

௅
ℎୀଵ  ௅

ℎୀଵ                                     (3.8) 
∑ 𝛺ℎ ൌ 1௅
ℎୀଵ                                                          (3.9) 

 
The proposed estimator by Nidhi et al. (2007) is expressed as: 
 

𝑦ത௦௧ሺேሻ ൌ෍ 𝑊ℎ𝑦തℎ ൅ 𝛽መே
௅

ℎୀଵ
൬෍ 𝑊ℎሺ𝑋തℎ െ 𝑥̅ℎሻ

௅

ℎୀଵ
൰ 

 
Where, 
 

𝛽መே ൌ ቈ
ሺ∑ 𝑊ℎ𝑄ℎ

௅
ℎୀଵ ሻሺ∑ 𝑊ℎ𝑄ℎ𝑥̅ℎ𝑦തℎ

௅
ℎୀଵ ሻ െ ሺ∑ 𝑊ℎ𝑄ℎ𝑥̅ℎ

௅
ℎୀଵ ሻሺ∑ 𝑊ℎ𝑄ℎ𝑦തℎ

௅
ℎୀଵ ሻ

ሺ∑ 𝑊ℎ𝑄ℎ𝑥̅ℎ௫
ଶ௅

ℎୀଵ ሻሺ∑ 𝑊ℎ𝑄ℎ௅
ℎୀଵ ሻ െ ሺ∑ 𝑊ℎ𝑄ℎ𝑥̅ℎ௅

ℎୀଵ ሻଶ
቉ 

 
3.3 Nursel Koyuncu et al. (2015) 
 
They introduced a new calibration estimator in stratified random sampling which is given as 
 𝑦ത௦௧ሺே௞ሻ ൌ ∑ 𝛹ℎ𝑦തℎ

௅
ℎୀଵ                                               (3.10) 

 
Where 𝛹ℎ are new calibration weights minimizing chi-square distance function 
 

∑ ሺΨℎିௐℎሻ
మ

ொℎௐℎ

௅
ℎୀଵ                                                             (3.11) 

 
And the calibration constraints are given in equation (3.12), (3.13) and (3.14) 

7010                                      International Journal of Science Academic Research, Vol. 05, Issue 02, pp.7009-7018, February, 2024 



∑ Ψℎ𝑥̅ℎ ൌ ∑ 𝑊ℎ𝑋തℎ
௅
ℎୀଵ  ௅

ℎୀଵ                                         (3.12) 
∑ Ψℎ𝑠ℎ௫

ଶ ൌ ∑ 𝑊ℎ𝑆ℎ௫
ଶ௅

ℎୀଵ  ௅
ℎୀଵ                                       (3.13) 

∑ 𝛹ℎ ൌ ∑ 𝑊ℎ
௅
ℎୀଵ

௅
ℎୀଵ                                                   (3.14) 

 
The proposed calibrated estimator by NurselKoyuncu (2015) is expressed as 
 

𝑦ത௦௧ሺே௞ሻ ൌ෍ 𝑊ℎ𝑦തℎ ൅ 𝛽መଵሺே௞ሻሾ෍ 𝑊ℎሺ𝑋തℎ െ 𝑥̅ℎ
௅

ℎୀଵ
ሻሿ  ൅

௅

ℎୀଵ
𝛽መଶሺே௞ሻሾ෍ 𝑊ℎሺ𝑆ℎ௫

ଶ െ 𝑠ℎ௫
ଶ

௅

ℎୀଵ
ሻሿ 

 
Where betas are given by 
 

𝛽መଵሺே௞ሻ ൌ
𝐴ସ
𝐵

 ,𝛽መଶሺே௞ሻ ൌ
𝐴ହ
𝐵

 

 
Where, 
 

𝐴ସ ൌ ൬෍ 𝑄ℎ𝑊ℎ𝑥̅ℎ𝑦തℎ
௅

ℎୀଵ
൰ ቈ൬෍ 𝑄ℎ𝑊ℎ

௅

ℎୀଵ
൰ ൬෍ 𝑄ℎ𝑊ℎ𝑠ℎ௫

ସ
௅

ℎୀଵ
൰ െ ൬෍ 𝑄ℎ𝑊ℎ𝑠ℎ௫

ଶ
௅

ℎୀଵ
൰
ଶ

቉

െ ൬෍ 𝑄ℎ𝑊ℎ𝑠ℎ௫
ଶ 𝑦തℎ

௅

ℎୀଵ
൰ ൤൬෍ 𝑄ℎ𝑊ℎ𝑠ℎ௫

ଶ 𝑥̅ℎ
௅

ℎୀଵ
൰ ൬෍ 𝑄ℎ𝑊ℎ

௅

ℎୀଵ
൰ െ ൬෍ 𝑄ℎ𝑊ℎ𝑥̅ℎ

௅

ℎୀଵ
൰ ൬෍ 𝑄ℎ𝑊ℎ𝑠ℎ௫

ଶ
௅

ℎୀଵ
൰൨

൅ ൬෍ 𝑄ℎ𝑊ℎ𝑦തℎ
௅

ℎୀଵ
൰ ൤൬෍ 𝑄ℎ𝑊ℎ𝑠ℎ௫

ଶ
௅

ℎୀଵ
൰ ൬෍ 𝑄ℎ𝑊ℎ𝑠ℎ௫

ଶ 𝑥̅ℎ
௅

ℎୀଵ
൰ െ ൬෍ 𝑄ℎ𝑊ℎ𝑥̅ℎ

௅

ℎୀଵ
൰ ൬෍ 𝑄ℎ𝑊ℎ𝑠ℎ௫

ସ
௅

ℎୀଵ
൰൨ 

 
 

𝐴ହ ൌ ൬෍ 𝑄ℎ𝑊ℎ𝑥̅ℎ𝑦തℎ
௅

ℎୀଵ
൰ ൤൬෍ 𝑄ℎ𝑊ℎ𝑥̅ℎ

௅

ℎୀଵ
൰ ൬෍ 𝑄ℎ𝑊ℎ𝑠ℎ௫

ଶ
௅

ℎୀଵ
൰ െ ൬෍ 𝑄ℎ𝑊ℎ

௅

ℎୀଵ
൰ ൬෍ 𝑄ℎ𝑊ℎ𝑠ℎ௫

ଶ 𝑥̅ℎ
௅

ℎୀଵ
൰൨

൅ ൬෍ 𝑄ℎ𝑊ℎ𝑠ℎ௫
ଶ 𝑦തℎ

௅

ℎୀଵ
൰ ቈ൬෍ 𝑄ℎ𝑊ℎ

௅

ℎୀଵ
൰ ൬෍ 𝑄ℎ𝑊ℎ𝑥̅ℎ

ଶ
௅

ℎୀଵ
൰ െ ൬෍ 𝑄ℎ𝑊ℎ𝑥̅ℎ

௅

ℎୀଵ
൰
ଶ

቉

൅ ൬෍ 𝑄ℎ𝑊ℎ𝑦തℎ
௅

ℎୀଵ
൰ ൤൬෍ 𝑄ℎ𝑊ℎ𝑥̅ℎ

௅

ℎୀଵ
൰ ൬෍ 𝑄ℎ𝑊ℎ𝑠ℎ௫

ଶ 𝑥̅ℎ
௅

ℎୀଵ
൰ െ ൬෍ 𝑄ℎ𝑊ℎ𝑥̅ℎ

ଶ
௅

ℎୀଵ
൰ ൬෍ 𝑄ℎ𝑊ℎ𝑠ℎ௫

ଶ
௅

ℎୀଵ
൰൨ 

 
3.4 Rao et al. (2016) 
 
They developed two different calibration estimators given as 
 
𝑦ത௦௧ሺோଵሻ ൌ ∑ Ωℎଵ𝑦തℎ

௅
ℎୀଵ                                            (3.15) 

𝑦ത௦௧ሺோଶሻ ൌ ∑ Ωℎଶ𝑦തℎ
௅
ℎୀଵ                                                 (3.16) 

 
Where Ωℎଵ and Ωℎଶ are the new weights obtained by minimizing the chi square distance function 
 

∑ ሺΩℎభିௐℎሻ
మ

ொℎௐℎ

௅
ℎୀଵ                                                      (3.17) 

 

∑ ሺΩℎమିௐℎሻ
మ

ொℎௐℎ

௅
ℎୀଵ                                                             (3.18) 

 

Andthe calibration constraints are given in equation (3.19) and (3.20) 
 

∑ Ωℎଵሺ𝑥̅ℎ ൅ 𝑐ℎ௫ሻ
௅
ℎୀଵ ൌ ∑ 𝑊ℎሺ𝑋തℎ ൅ 𝐶ℎ௫ሻ

௅
ℎୀଵ                               (3.19) 

∑ Ωℎଶሺ1 ൅ 𝑥̅ℎ ൅ 𝑐ℎ௫ሻ
௅
ℎୀଵ ൌ ∑ 𝑊ℎሺ1 ൅ 𝑋തℎ ൅ 𝐶ℎ௫ሻ

௅
ℎୀଵ                (3.20) 

 
The two calibrated estimator proposed by Rao et al. (2016) are: 
 

𝑦ത௦௧ሺோଵሻ ൌ෍ 𝑊ℎ𝑦തℎ ൅ 𝛽መଵሺோሻሾ
௅

ℎୀଵ
෍ 𝑊ℎሺ𝑋തℎ ൅ 𝐶ℎ௫ሻ

௅

ℎୀଵ
െ෍ 𝑊ℎሺ𝑥̅ℎ ൅ 𝑐ℎ௫ሻ

௅

ℎୀଵ
 

 

𝑦ത௦௧ሺோଶሻ ൌ  ෍ 𝑊ℎ𝑦തℎ ൅ 𝛽መଶሺோሻሾ
௅

ℎୀଵ
෍ 𝑊ℎሺ1 ൅ 𝑋തℎ ൅ 𝐶ℎ௫ሻ

௅

ℎୀଵ
െ෍ 𝑊ℎሺ1 ൅ 𝑥̅ℎ ൅ 𝑐ℎ௫ሻ

௅

ℎୀଵ
 

 
Where, 
 

𝛽መଵሺோሻ ൌ ቈ
∑ 𝑊ℎ𝑄ℎ𝑦തℎሺ𝑥̅ℎ ൅ 𝑐ℎ௫ሻ
௅
ℎୀଵ

∑ 𝑊ℎ𝑄ℎሺ𝑥̅ℎ ൅ 𝑐ℎ௫ሻଶ௅
ℎୀଵ

቉ 

 

7011                                      International Journal of Science Academic Research, Vol. 05, Issue 02, pp.7009-7018, February, 2024 



𝛽መଶሺோሻ ൌ ൤
∑ ௐℎொℎ௬തℎሺଵା௫̅ℎା௖ℎೣሻ
ಽ
ℎసభ
∑ ௐℎொℎሺଵା௫̅ℎା௖ℎೣሻమ
ಽ
ℎసభ

൨ 

 
3.5 Sisodia et al. (2017) 
 
They introduced a calibration estimator is given as 
 
𝑦ത௦௧ሺௌሻ ൌ ∑ Ωℎ

௅
ℎୀଵ 𝑦തℎ                                              (3.21) 

 
Where Ωℎ are the new weights obtained by minimizing the chi square distance function 
 

∑ ሺΩℎିௐℎሻ
మ

ொℎௐℎ

௅
ℎୀଵ                                                                (3.22) 

 
And the calibration constraints are given in equation (3.23) and (3.24) 
 
∑ 𝑊ℎ ൌ 1௅
ℎୀଵ                                                          (3.23) 

∑ Ωℎ𝑥̅ℎ ൌ ∑ 𝑊ℎ𝑋തℎ
௅
ℎୀଵ

௅
ℎୀଵ                                       (3.24) 

 
The calibrated estimator proposed by Sisodia et al. (2017) is expressed as: 
 

𝑦ത௦ ൌ෍ 𝑊ℎሾ𝑦തℎ ൅ 𝛽መௌሺ𝑋തℎ െ 𝑥̅ℎሻሿ
௅

ℎୀଵ
 

 
Where, 

𝛽መௌ ൌ ቈ
ሺ∑ 𝑊ℎ𝑄ℎ𝑥̅ℎ𝑦തℎ

௅
ℎୀଵ ሻሺ∑ 𝑊ℎ𝑄ℎ

௅
ℎୀଵ ሻ െ ሺ∑ 𝑊ℎ𝑄ℎ𝑦തℎ

௅
ℎୀଵ ሻሺ∑ 𝑊ℎ𝑄ℎ𝑥̅ℎ

௅
ℎୀଵ ሻ

ሺ∑ 𝑊ℎ𝑄ℎ𝑥̅ℎ
ଶ௅

ℎୀଵ ሻሺ∑ 𝑊ℎ𝑄ℎ௅
ℎୀଵ ሻ െ ሺ∑ 𝑊ℎ𝑄ℎ𝑥̅ℎ௅

ℎୀଵ ሻଶ
቉ 

 
3.6 Ozqul (2018) 
 
They developed a calibrated estimator is given as 
 
𝑦ത௦௧ሺைሻ ൌ ∑ Ωℎ

௅
ℎୀଵ 𝑦തℎ                                             (3.25) 

 
Where Ωℎ are the new weights obtained by minimizing the chi square distance function 
 

∑ ሺΩℎିௐℎሻ
మ

ொℎௐℎ

௅
ℎୀଵ                                                               (3.26) 

 
And the calibration constraints are given in equation (3.27),(3.28) and (3.29) 
 
∑ 𝑊ℎ ൌ 1௅
ℎୀଵ                                                          (3.27) 

∑ Ωℎ𝑥̅ℎ ൌ ∑ 𝑊ℎ𝑋തℎ
௅
ℎୀଵ

௅
ℎୀଵ                                       (3.28) 

∑ Ωℎ𝑐ℎ௫ ൌ ∑ 𝑊ℎ𝐶ℎ௫
௅
ℎୀଵ

௅
ℎୀଵ                                    (3.29) 

 
The proposed estimator by Ozqul (2018) is expressed as: 
 

𝑦ത௦௧ሺைሻ ൌ෍ ൣ𝑦തℎ ൅ 𝛽መଵሺைሻሺ𝑋തℎ െ 𝑥̅ℎሻ ൅ 𝛽መଶሺைሻሺ𝐶ℎ௫ െ 𝑐ℎ௫ሻ൧
௅

ℎୀଵ
 

Where, 
 
𝛽መଵሺைሻ ൌ

ఊభ
𝜼

and𝛽መଶሺைሻ ൌ
ఊమ
𝜼

 

 

𝛾ଵ ൌ ൬෍ 𝑊ℎ𝑄ℎ𝑦തℎ
௅

ℎୀଵ
൰ ൤൬෍ 𝑊ℎ𝑄ℎ𝑐ℎ௫

௅

ℎୀଵ
൰ ൬෍ 𝑊ℎ𝑄ℎ𝑥̅ℎ𝑐ℎ௫

௅

ℎୀଵ
൰ െ ൬෍ 𝑊ℎ𝑄ℎ𝑥̅ℎ

௅

ℎୀଵ
൰ ൬෍ 𝑊ℎ𝑄ℎ𝑐ℎ௫

ଶ
௅

ℎୀଵ
൰൨

൅ ൬෍ 𝑊ℎ𝑄ℎ𝑥̅ℎ𝑦തℎ
௅

ℎୀଵ
൰ ቈ൬෍ 𝑊ℎ𝑄ℎ

௅

ℎୀଵ
൰ ൬෍ 𝑊ℎ𝑄ℎ𝑐ℎ௫

ଶ
௅

ℎୀଵ
൰ െ ൬෍ 𝑊ℎ𝑄ℎ𝑐ℎ௫

௅

ℎୀଵ
൰
ଶ

቉

൅ ൬෍ 𝑊ℎ𝑄ℎ𝑐ℎ௫𝑦തℎ
௅

ℎୀଵ
൰ ൤൬෍ 𝑊ℎ𝑄ℎ𝑥̅ℎ

௅

ℎୀଵ
൰ ൬෍ 𝑊ℎ𝑄ℎ𝑐ℎ௫

௅

ℎୀଵ
൰ െ ൬෍ 𝑊ℎ𝑄ℎ

௅

ℎୀଵ
൰ ൬෍ 𝑊ℎ𝑄ℎ𝑥̅ℎ𝑐ℎ௫

௅

ℎୀଵ
൰൨ 
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𝛾ଶ ൌ ൬෍ 𝑊ℎ𝑄ℎ𝑦തℎ
௅

ℎୀଵ
൰ ൤൬෍ 𝑊ℎ𝑄ℎ𝑥̅ℎ

௅

ℎୀଵ
൰ ൬෍ 𝑊ℎ𝑄ℎ𝑥̅ℎ𝑐ℎ௫

௅

ℎୀଵ
൰ െ ൬෍ 𝑊ℎ𝑄ℎ𝑐ℎ௫

௅

ℎୀଵ
൰ ൬෍ 𝑊ℎ𝑄ℎ𝑥̅ℎ

ଶ
௅

ℎୀଵ
൰൨

൅ ൬෍ 𝑊ℎ𝑄ℎ𝑥̅ℎ𝑦തℎ
௅

ℎୀଵ
൰ ൤൬෍ 𝑊ℎ𝑄ℎ𝑥̅ℎ

௅

ℎୀଵ
൰ ൬෍ 𝑊ℎ𝑄ℎ𝑐ℎ௫

௅

ℎୀଵ
൰ െ ൬෍ 𝑊ℎ𝑄ℎ𝑥̅ℎ𝑐ℎ௫

௅

ℎୀଵ
൰ ൬෍ 𝑊ℎ𝑄ℎ

௅

ℎୀଵ
൰൨

൅ ൬෍ 𝑊ℎ𝑄ℎ𝑐ℎ௫𝑦തℎ
௅

ℎୀଵ
൰ ቈ൬෍ 𝑊ℎ𝑄ℎ

௅

ℎୀଵ
൰ ൬෍ 𝑊ℎ𝑄ℎ𝑥̅ℎ

ଶ
௅

ℎୀଵ
൰ െ ൬෍ 𝑊ℎ𝑄ℎ𝑥̅ℎ

௅

ℎୀଵ
൰
ଶ

቉ 

 

𝜂 ൌ ൬෍ 𝑊ℎ𝑄ℎ
௅

ℎୀଵ
൰ ൬෍ 𝑊ℎ𝑄ℎ𝑥̅ℎ

ଶ
௅

ℎୀଵ
൰ ൬෍ 𝑊ℎ𝑄ℎ𝑐ℎ௫

ଶ
௅

ℎୀଵ
൰ െ ൬෍ 𝑊ℎ𝑄ℎ

௅

ℎୀଵ
൰ ൬෍ 𝑊ℎ𝑄ℎ𝑥̅ℎ𝑐ℎ௫

௅

ℎୀଵ
൰ െ ൬෍ 𝑊ℎ𝑄ℎ𝑥̅ℎ

ଶ
௅

ℎୀଵ
൰ ൬෍ 𝑊ℎ𝑄ℎ𝑐ℎ௫

௅

ℎୀଵ
൰
ଶ

െ ൬෍ 𝑊ℎ𝑄ℎ𝑐ℎ௫
ଶ

௅

ℎୀଵ
൰ ൬෍ 𝑊ℎ𝑄ℎ𝑥̅ℎ

௅

ℎୀଵ
൰
ଶ

൅ 2 ൬෍ 𝑊ℎ𝑄ℎ𝑥̅ℎ
௅

ℎୀଵ
൰ ൬෍ 𝑊ℎ𝑄ℎ𝑐ℎ௫

௅

ℎୀଵ
൰ ൬෍ 𝑊ℎ𝑄ℎ𝑥̅ℎ𝑐ℎ௫

௅

ℎୀଵ
൰ 

 
3.7 Alam et al. (2019) 
 
The calibration estimator of finite population mean is defined as 
 

𝑦ത௦௧ሺ஺ଵሻ ൌ ∑ 𝑊ℎ
ሺଵሻ𝑦തℎ

௅
ℎୀଵ                                         (3.30) 

 

Where 𝑊ℎ
ሺଵሻ is the new calibrated weight obtained by minimizing the new distance function 

 

ଵ

ଶ
∑

ቀௐℎ
ሺభሻିௐℎቁ

మ

ௐℎொℎ
൅ ∑ ∑ ൫𝑊ℎ

ሺଵሻ െ𝑊ℎ൯ ቀ𝑊ℎ′
ሺଵሻ െ 𝑊ℎ′ቁ

௅
ℎஷℎ′ୀଵ

௅
ℎୀଵ

௅
ℎୀଵ                              (3.31) 

 
The calibration constraints is given in equation (3.32) 
 

∑ 𝑊ℎ
ሺଵሻ𝑥̅ℎ ൌ 𝑋ത௅

ℎୀଵ                                                     (3.32) 
 
The first proposed calibrated estimator is given as 
 

𝑦ത௦௧ሺ஺ଵሻ ൌ෍ 𝑤ℎ𝑦തℎ ൅ 𝛽መଵሺ஺ଵሻሺ𝑋ത െ෍ 𝑊ℎ𝑥̅ℎ
௅

ℎୀଵ
ሻ

௅

ℎୀଵ
 

 
Where, 
 

𝛽መଵሺ஺ଵሻ ൌ
∑ ሺௐℎொℎ௫̅ℎ௬തℎሻ

ଵିௐℎொℎ

௅
ℎୀଵ

∑ ൫ௐℎொℎ௫̅ℎ
మ൯

ଵିௐℎொℎ

௅
ℎୀଵ

 

 
Similarly, the second calibration estimator of finite population mean is defined as 
 

𝑦ത௦௧ሺ஺ଶሻ ൌ ∑ 𝑊ℎ
ሺଶሻ𝑦തℎ

௅
ℎୀଵ                                          (3.33) 

 

Where 𝑊ℎ
ሺଶሻ is the new calibrated weight obtained by minimizing the new distance function 

 

ଵ

ଶ
∑

ቀௐℎ
ሺమሻିௐℎቁ

మ

ௐℎொℎ
൅ ∑ ∑ ൫𝑊ℎ

ሺଶሻ െ𝑊ℎ൯ ቀ𝑊ℎ′
ሺଶሻ െ 𝑊ℎ′ቁ

௅
ℎஷℎ′ୀଵ

௅
ℎୀଵ

௅
ℎୀଵ                            (3.34) 

 
The calibration constraints is given in equation (3.35) and (3.36) 
 

∑ 𝑊ℎ
ሺଶሻ ൌ ∑ 𝑊ℎ

௅
ℎୀଵ

௅
ℎୀଵ                                           (3.35) 

∑ 𝑊ℎ
ሺଶሻ𝑥̅ℎ ൌ 𝑋ത௅

ℎୀଵ                                                         (3.36) 
 
The second calibrated estimator of finite population mean is defined as 
 

𝑦ത௦௧ሺ஺ଶሻ ൌ෍ 𝑤ℎ𝑦തℎ ൅ 𝛽መଶሺ஺ଶሻሺ𝑋ത െ෍ 𝑊ℎ𝑥̅ℎ
௅

ℎୀଵ
ሻ

௅

ℎୀଵ
 

 
Where, 
 

𝛽መଶሺ஺ଶሻ ൌ
∑ ቀ

ௐℎொℎ௫̅ℎ௬തℎ
ଵିௐℎொℎ

ቁ∑ ቀ
ௐℎொℎ

ଵିௐℎொℎ
ቁ െ ∑ ቀ

ௐℎொℎ௫̅ℎ
ଵିௐℎொℎ

ቁ∑ ቀ
ௐℎொℎ௬തℎ
ଵିௐℎொℎ

ቁ௅
ℎୀଵ

௅
ℎୀଵ

௅
ℎୀଵ

௅
ℎୀଵ

∑ ቀ
ௐℎொℎ

ଵିௐℎொℎ
ቁ∑ ቀ

ௐℎொℎ௫̅ℎ
మ

ଵିௐℎொℎ
ቁ െ ቀ∑ ቀ

ௐℎொℎ௫̅ℎ
ଵିௐℎொℎ

ቁ௅
ℎୀଵ ቁ

ଶ
௅
ℎୀଵ

௅
ℎୀଵ
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3.8 Garg and Pachori (2019) 
 
The developed calibration estimator expressed as 
 
𝑦ത௦௧ሺீሻ ൌ ∑ Ωℎ

௅
ℎୀଵ 𝑦തℎ                                              (3.37) 

 
Where Ωℎ are the new weights obtained by minimizing the chi square distance function 
 

∑ ሺΩℎିௐℎሻ
మ

ொℎௐℎ

௅
ℎୀଵ                    (3.38) 

 
The calibration constraints are given in equation (3.39) and (3.40) 
 
∑ Ωℎ
௅
ℎୀଵ ൌ ∑ 𝑊ℎ

௅
ℎୀଵ (3.39) 

∑ Ωℎ
௅
ℎୀଵ 𝑐ℎ௫ ൌ ∑ 𝑊ℎ

௅
ℎୀଵ 𝐶ℎ௫                                (3.40) 

 
The proposed estimator by Garg and Pachori (2019) is expressed as: 
 

𝑦ത௦௧ሺீሻ ൌ෍ 𝑊ℎ𝑦തℎ ൅ 𝛽መሺீሻ ൤෍ 𝑊ℎሺ𝐶ℎ௫ െ 𝑐ℎ௫ሻ
௅

ℎୀଵ
൨

௅

ℎୀଵ
 

 
Where, 
 

𝛽መሺீሻ ൌ
ሺ∑ 𝑊ℎ𝑄ℎ

௅
ℎୀଵ ሻሺ∑ 𝑊ℎ𝑄ℎ𝑐ℎ௫𝑦തℎ

௅
ℎୀଵ ሻ െ ሺ∑ 𝑊ℎ𝑄ℎ𝑐ℎ௫

௅
ℎୀଵ ሻሺ∑ 𝑊ℎ𝑄ℎ𝑦തℎ

௅
ℎୀଵ ሻ

ሺ∑ 𝑊ℎ𝑄ℎ𝑐ℎ௫
ଶ௅

ℎୀଵ ሻሺ∑ 𝑊ℎ𝑄ℎ௅
ℎୀଵ ሻ െ ሺ∑ 𝑊ℎ𝑄ℎ𝑐ℎ௫௅

ℎୀଵ ሻଶ
 

 
3.9 Alam and Shabbir (2020) 

 
The basic unbiased estimator of stratified random sampling is defined as 
 
𝑦ത௦௧ሺ஺ௌሻ ൌ ∑ Ωℎ

௅
ℎୀଵ 𝑦തℎ                                                  (3.41) 

 
Where Ωℎ are the weights minimizing the chi-square distance function 
 

∑ ሺΩℎିௐℎሻ
మ

ொℎௐℎ

௅
ℎୀଵ                                                        (3.42) 

 
The calibration constraints are given in equation (3.43) and (3.44) 
 

∑ Ωℎ𝑥̅ℎ ൌ ∑ 𝑊ℎ𝑋തℎ
௅
ℎୀଵ

௅
ℎୀଵ                                       (3.43) 

∑ Ωℎ𝑟̅ሺ𝑥ሻℎ ൌ ∑ 𝑊ℎ𝑅തሺ𝑥ሻℎ
௅
ℎୀଵ

௅
ℎୀଵ                            (3.44) 

 
The proposed estimator by Alam and Shabbir(2020) is expressed as 
 

𝑦ത௦௧ሺ஺ௌሻ ൌ෍ 𝑊ℎൣ𝑦തℎ ൅ 𝛽መଵሺ஺ௌሻሺ𝑋തℎ െ 𝑥̅ℎሻ ൅ 𝛽መଶሺ஺ௌሻሺ𝑅തሺ𝑥ሻℎ െ 𝑟̅ሺ𝑥ሻℎሻ൧
௅

ℎୀଵ
 

 
Where, 
 

𝛽መଵሺ஺ௌሻ ൌ ቈ
ሺ∑ 𝑊ℎ𝑄ℎ𝑥̅ℎ𝑦തℎ

௅
ℎୀଵ ሻሺ∑ 𝑊ℎ𝑄ℎ𝑟̅ሺ𝑥ሻℎ

ଶ௅
ℎୀଵ ሻ െ ሺ∑ 𝑊ℎ𝑄ℎ𝑦തℎ

௅
ℎୀଵ 𝑟̅ሺ𝑥ሻℎሻሺ∑ 𝑊ℎ𝑄ℎ𝑟̅ሺ𝑥

௅
ℎୀଵ ሻℎሻ

ሺ∑ 𝑊ℎ𝑄ℎ𝑥̅ℎ
ଶ௅

ℎୀଵ ሻሺ∑ 𝑊ℎ𝑄ℎ𝑟̅ሺ𝑥ሻℎ
ଶ௅

ℎୀଵ ሻ െ ሺ∑ 𝑊ℎ𝑄ℎ𝑥̅ℎ௅
ℎୀଵ 𝑟̅ሺ𝑥ሻℎሻଶ

቉ 

 

𝛽መଶሺ஺ௌሻ ൌ ቈ
ሺ∑ 𝑊ℎ𝑄ℎ𝑦തℎ

௅
ℎୀଵ 𝑟̅ሺ𝑥ሻℎሻሺ∑ 𝑊ℎ𝑄ℎ𝑥̅ℎ

ଶ௅
ℎୀଵ ሻ െ ሺ∑ 𝑊ℎ𝑄ℎ𝑥̅ℎ𝑦തℎ

௅
ℎୀଵ ሻሺ∑ 𝑊ℎ𝑄ℎ𝑥̅ℎ

௅
ℎୀଵ 𝑟̅ሺ𝑥ሻℎሻ

ሺ∑ 𝑊ℎ𝑄ℎ𝑥̅ℎ
ଶ௅

ℎୀଵ ሻሺ∑ 𝑊ℎ𝑄ℎ𝑟̅ሺ𝑥ሻℎ
ଶ௅

ℎୀଵ ሻ െ ሺ∑ 𝑊ℎ𝑄ℎ𝑥̅ℎ௅
ℎୀଵ 𝑟̅ሺ𝑥ሻℎሻଶ

቉ 

 
3.10 Oluwagbenga T. Babatunde et Al. (2022) 
 
They introduced a calibration estimator for population mean of a stratified random sampling in the presence of outlier in the 
auxiliary variable is given as 
 

𝑦ത௦௧ሺெሻ ൌ ∑ Ωℎ
௅
ℎୀଵ 𝑦തℎ                                             (3.45) 

 
Where Ωℎ are the weights minimizing the chi-square distance function 
 

∑ ሺΩℎିௐℎሻ
మ

ொℎௐℎ

௅
ℎୀଵ                                                        (3.46) 
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The calibration constraints are given in equation (3.47) and (3.48) 
 
∑ 𝛺ℎ ൌ ∑ 𝑊ℎ

௅
ℎୀଵ

௅
ℎୀଵ                                              (3.47) 

∑ 𝛺ℎ𝑚ℎ ൌ ∑ 𝑊ℎ
௅
ℎୀଵ

௅
ℎୀଵ 𝑀ℎ                                   (3.48) 

 
The proposed calibrated estimator is given as 
 

𝑦ത௦௧ሺெሻ ൌ෍ 𝑊ℎൣ𝑦തℎ ൅ 𝛽መெሺ𝑀ℎ െ𝑚௡ሻ൧
௅

ℎୀଵ
 

 
Where, 
 

𝛽መெ ൌ ቈ
ሺ∑ 𝑊ℎ𝑄ℎ𝑚ℎ𝑦തℎ

௅
ℎୀଵ ሻሺ∑ 𝑊ℎ𝑄ℎ

௅
ℎୀଵ ሻ െ ሺ∑ 𝑊ℎ𝑄ℎ𝑦തℎ

௅
ℎୀଵ ሻሺ∑ 𝑊ℎ𝑄ℎ𝑚ℎ

௅
ℎୀଵ ሻ

ሺ∑ 𝑊ℎ𝑄ℎ𝑚ℎ
ଶ௅

ℎୀଵ ሻሺ∑ 𝑊ℎ𝑄ℎ௅
ℎୀଵ ሻ െ ሺ∑ 𝑊ℎ𝑄ℎ𝑚ℎ

௅
ℎୀଵ ሻଶ

቉ 

 
4. The proposed estimator 
 
Following Tracy et al.  (2003), we introduced a new calibration estimator as given by 
 
𝑦ത௦௧ሺ𝑁𝑟ሻ ൌ ∑ Ωℎ

௅
ℎୀଵ 𝑦തℎ                                                 (4.1) 

 
Where the calibrated weights  𝛺ℎ, ℎ ൌ 1,2,⋯ , 𝐿 are chosen to minimize the chi-square distance function given as 
 

∑ ሺΩℎିௐℎሻ
మ

ொℎௐℎ

௅
ℎୀଵ                                                           (4.2) 

 
To get the reasonable weights we have consider following calibration constraints in stratified random sampling: 
 

෍Ωℎ𝑐௫ℎ ൌ෍𝑊ℎ𝐶௑ℎ 

௅

ℎୀଵ

 

௅

ℎୀଵ

                   (4.3) 

 
∑ Ωℎ𝑠ℎ௫

ଶ ൌ ∑ 𝑊ℎ𝑆ℎ௫
ଶ௅

ℎୀଵ
௅
ℎୀଵ                                       (4.4) 

 
Here 𝑐௫ℎ ൌ 𝑠ℎ௫/𝑥̅ℎ and 𝐶௑ℎ ൌ 𝑆ℎ௫/𝑋തℎ are the ℎ-thstratum sample and population coefficient of variation of the auxiliary variable, 
respectively. 
 
The langrange function is given as 
 

𝐿 ൌ ∑ ሺΩℎିௐℎሻ
మ

ொℎௐℎ

௅
ℎୀଵ െ 2𝜆ଵሺ∑ Ωℎ𝑐௫ℎ െ ∑ 𝑊ℎ𝐶௑ℎ 

௅
ℎୀଵ ሻ െ 2𝜆ଶሺ∑ Ωℎ𝑠ℎ௫

ଶ െ ∑ 𝑊ℎ𝑆ℎ௫
ଶ௅

ℎୀଵ ሻ ௅
ℎୀଵ

௅
ℎୀଵ         (4.5) 

 
Where  𝜆ଵ  and 𝜆ଶ are the langrange’s multiplier to find the optimum value of  Ωℎ. 
 
Now, differentiate the eq. (4.5) with respect to  Ωℎ and equate to zero. 
 
𝜕∆
𝜕Ωℎ

ൌ
2ሺΩℎ െ𝑊ℎሻ

𝑄ℎ𝑊ℎ
െ 2𝜆ଵ𝑐௫ℎ െ 2𝜆ଶ𝑠ℎ௫

ଶ  

 
ሺΩℎ െ𝑊ℎሻ

𝑄ℎ𝑊ℎ
െ 𝜆ଵ𝑐௫ℎ െ 𝜆ଶ𝑠ℎ௫

ଶ ൌ 0 

 
Ωℎ ൌ 𝑊ℎ ൅ 𝑄ℎ𝑊ℎሺ𝜆ଵ𝑐௫ℎ ൅ 𝜆ଶ𝑠ℎ௫

ଶ ሻ                             (4.6) 
 
Substituting the weights   𝛺ℎ in (4.3) and (4.4),we have 
 
𝜆ଵ ∑ 𝑊ℎ𝑄ℎ𝑐௫ℎ

ଶ ൅ 𝜆ଶ ∑ 𝑊ℎ𝑄ℎ𝑐௫ℎ𝑠ℎ௫
ଶ ൌ ∑ 𝑊ℎ𝐶௑ℎ െ ∑ 𝑊ℎ𝑐௫ℎ

௅
ℎୀଵ

௅
ℎୀଵ

௅
ℎୀଵ

௅
ℎୀଵ                         (4.7) 

𝜆ଵ ∑ 𝑊ℎ𝑄ℎ𝑐௫ℎ𝑠ℎ௫
ଶ ൅ 𝜆ଶ ∑ 𝑊ℎ𝑄ℎ𝑠ℎ௫

ସ ൌ ∑ 𝑊ℎ𝑆ℎ௫
ଶ െ ∑ 𝑊ℎ𝑠ℎ௫

ଶ௅
ℎୀଵ

௅
ℎୀଵ

௅
ℎୀଵ

௅
ℎୀଵ                         (4.8) 

 
Now from eq. (4.7) and (4.8) 
 

ቈ
∑ 𝑊ℎ𝑄ℎ𝑐௫ℎ

ଶ௅
ℎୀଵ ∑ 𝑊ℎ𝑄ℎ𝑐௫ℎ𝑠ℎ௫

ଶ௅
ℎୀଵ

∑ 𝑊ℎ𝑄ℎ𝑐௫ℎ𝑠ℎ௫
ଶ௅

ℎୀଵ ∑ 𝑊ℎ𝑄ℎ𝑠ℎ௫
ସ௅

ℎୀଵ
቉ ൤
𝜆ଵ
𝜆ଶ
൨  ൌ  ቈ

∑ 𝑊ℎ𝐶௑ℎ െ∑ 𝑊ℎ𝑐௫ℎ
௅
ℎୀଵ

௅
ℎୀଵ

∑ 𝑊ℎ𝑆ℎ௫
ଶ െ ∑ 𝑊ℎ𝑠ℎ௫

ଶ௅
ℎୀଵ

௅
ℎୀଵ

቉           (4.9) 
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𝜆ଵ ൌ
ൣ൫∑ ௐℎொℎ௦ℎೣ

రಽ
ℎసభ ൯൫∑ ௐℎሺ஼೉ℎି௖ೣℎሻ

ಽ
ℎసభ ൯ି൫∑ ௐℎொℎ௖ೣℎ௦ℎೣ

మಽ
ℎసభ ൯൫∑ ௐℎ൫ௌℎೣ

మ ି௦ℎೣ
మ ൯ಽ

ℎసభ ൯൧

ቂ൫∑ ௐℎொℎ௖ೣℎ
మಽ

ℎసభ ൯൫∑ ௐℎொℎ௖ೣℎ
మಽ

ℎసభ ൯ିቀ∑ ൫ௐℎொℎ௖ೣℎ௦ℎೣ
మ ൯

మಽ
ℎసభ ቁቃ

 

 

𝜆ଶ ൌ
ሾሺ∑ 𝑊ℎ𝑄ℎ𝑐௫ℎ

ଶ௅
ℎୀଵ ሻሺ∑ 𝑊ℎሺ𝑆ℎ௫

ଶ െ 𝑠ℎ௫
ଶ ሻ௅

ℎୀଵ ሻ െ ሺ∑ 𝑊ℎ𝑄ℎ𝑐௫ℎ𝑠ℎ௫
ଶ௅

ℎୀଵ ሻሺ∑ 𝑊ℎሺ𝐶௑ℎ െ 𝑐௫ℎሻ
௅
ℎୀଵ ሻሿ

ሾሺ∑ 𝑊ℎ𝑄ℎ𝑐௫ℎ𝑠ℎ௫
ଶ௅

ℎୀଵ ሻሺ∑ 𝑊ℎ𝑄ℎ𝑠ℎ௫
ସ௅

ℎୀଵ ሻ െ ሺ∑ ሺ𝑊ℎ𝑄ℎ𝑐௫ℎ𝑠ℎ௫
ଶ ሻଶ௅

ℎୀଵ ሻሿ
 

 
Substituting the weightsΩℎ, the estimators (4.1) is 
 

𝑦ത௦௧ሺ𝑁𝑟ሻ ൌ ෍ 𝑊ℎ𝑦ℎ ൅ 𝛽መଵሺே௥ሻ

⎝

⎛෍𝑊ℎሺ𝐶௑ℎ െ 𝑐௫ℎሻ

௅

ℎୀଵ
⎠

⎞൅

௅

ሼℎୀଵሽ

𝛽መଶሺே௥ሻ ൭෍𝑊ℎሺ𝑆ℎ௫
ଶ െ 𝑠ℎ௫

ଶ ሻ
௅

ℎୀଵ

൱ 

Where, 
 

𝛽መଵሺே௥ሻ ൌ
ሺ∑ 𝑄ℎ𝑊ℎ𝑠ℎ௫

ସ௅
ℎୀଵ ሻሺ∑ 𝑊ℎ𝑄ℎ𝑐௫ℎ𝑦തℎሻ െ ሺ௅

ℎୀଵ ∑ 𝑄ℎ𝑊ℎ𝑐௫ℎ𝑠ℎ௫
ଶ௅

ℎୀଵ ሻሺ∑ 𝑊ℎ𝑄ℎ𝑠ℎ௫
ଶ 𝑦തℎ

௅
ℎୀଵ ሻ

∑ 𝑄ℎ𝑊ℎ𝑠ℎ௫
ସ ሻሺ∑ 𝑄ℎ𝑊ℎ𝑐௫ℎ

ଶ ሻ െ ሺ∑ 𝑄ℎ𝑊ℎ𝑐௫ℎ𝑠ℎ௫
ଶ௅

ℎୀଵ ሻ௅
ℎୀଵ

௅
ℎୀଵ

ଶ  

 

𝛽መଶሺே௥ሻ ൌ
ሺ∑ 𝑄ℎ𝑊ℎ𝑐௫ℎ

ଶ௅
ℎୀଵ ሻሺ∑ 𝑊ℎ𝑄ℎ𝑠ℎ௫

ଶ 𝑦തℎሻ െ ሺ∑ 𝑄ℎ𝑊ℎ𝑐௫ℎ𝑠ℎ௫
ଶ ሻ௅

ℎୀଵ ሺ∑ 𝑊ℎ𝑄ℎ𝑐௫ℎ𝑦തℎሻ
௅
ℎୀଵ

௅
ℎୀଵ

∑ 𝑄ℎ𝑊ℎ𝑠ℎ௫
ସ ሻሺ∑ 𝑄ℎ𝑊ℎ𝑐௫ℎ

ଶ ሻ െ ሺ∑ 𝑄ℎ𝑊ℎ𝑐௫ℎ𝑠ℎ௫
ଶ௅

ℎୀଵ ሻ௅
ℎୀଵ

௅
ℎୀଵ

ଶ  

 
5. Simulation Study 
 
To study the performance of the proposed estimator a limited simulation study has been carried out with four different artificial 
generated populations. The population given in Tracy et al.  (2003) and Nurselkoyuncu(2015). Where  𝑋ℎ௜ and 𝑦ℎ௜ values are form 
different distributions.The populations given in Table. 1(Appendix 1). 
 
The correlation coefficients between study and auxiliary variables for each stratum taken as 𝜌௫௬ଵ ൌ 0.5,  𝜌௫௬ଶ ൌ 0.7,𝜌௫௬ଷ ൌ
0.9respectively. The quantities 𝑆ଵ௫ ൌ 4.5 , 𝑆ଶ௫ ൌ 6.2 , 𝑆ଷ௫ ൌ 8.4and𝑆ଵ௬ , 𝑆ଶ௬ , 𝑆ଷ௬ ൌ 4.8 were fixed in each stratum. All four 
population consist three strata having 5 units, the sample of size 𝑛ℎ ൌ 2,3,4 units are drawn from each stratum. This process have 
been repeated 500 time independently that is 500 samples of size 2,3,4 units have been drawn from each stratum from given 
population. The MSE of Tracy’s estimator and the proposed estimator is given by the formula 
 

𝑀𝑆𝐸൫𝑦ത௦௧ሺ𝛼ሻ൯ ൌ
∑ ሾ𝑦ത௦௧ሺ𝛼ሻ െ 𝑌തሿሺହ଴଴ሻ
௞ୀଵ

ሺ500ሻ
,𝛼 ൌ 𝑇𝑟,𝑁𝑟 

 

𝑃𝑅𝐸 ൌ
𝑀𝑆𝐸൫𝑦ത௦௧ሺ𝑇𝑟ሻ൯

𝑀𝑆𝐸൫𝑦ത௦௧ሺ𝑁𝑟ሻ൯
∗ 100 

 


Table 1. The PRE of proposed estimator in comparison of Tracy’s et al. 
 

Population Empirical MSE 
𝑦ത௦௧ሺ𝑇𝑟ሻ 

Empirical MSE 
𝑦ത௦௧ሺ𝑁𝑟ሻ 

PRE 

I 21325941 16773078 127.143 
II 1319504 1043659 126.430 
III 55131925 46055246 119.708 
IV 9106657 7630231 119.349 

 
Form the above Table 3 it is clear that the proposed estimator is more efficient then Tracy et al. (2003) for given generated 
populations. 
 
6. Conclusion 
 
In this work, a new calibrated estimator is proposed to estimate the population mean in stratified random sampling. A simulation 
study has been performed to compare the efficiency of the suggested estimator. In the simulation study, we consider four 
populations and calculate the estimators from all possible samples. The empirical study performed by using R code (Appendix 2). 
The result shows that the suggested estimator is more efficient than Tracy et al. (2003). 
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APPENDIX 
 
Appendix 1 
 

Table 1. Parameters and distributions of study and auxiliary variables 
 

Populations  
Parameters and distributions of the study  
Variable 

Parameters and distributions of the auxiliary 
variable 

1. Population  
ℎ ൌ 1,2,3 

𝑓ሺ𝑦௛௜
∗ ሻ ൌ

1
𝛤ሺ1.5ሻ

𝑦௛௜
∗ଵ,ହିଵ𝑒ି௬೓೔

∗
 𝑓ሺ𝑥௛௜

∗ ሻ ൌ
1

𝛤ሺ0.3ሻ
𝑥௛௜
∗଴,ଷିଵ𝑒ି௫೓೔

∗
 

2.  Population  
ℎ ൌ 1,2,3 

𝑓ሺ𝑦௛௜
∗ ሻ ൌ

1
𝛤ሺ0.3ሻ

𝑦௛௜
∗଴.ଷିଵ𝑒ି௬೓೔

∗
  𝑓ሺ𝑥௛௜

∗ ሻ ൌ
1

√2𝜋
𝑒ି

ೣ೓೔
∗మ

మ  

3. Population  
ℎ ൌ 1,2,3 𝑓ሺ𝑦௛௜

∗ ሻ ൌ
1

√2𝜋
𝑒ି

೤೓೔
∗మ

మ   𝑓ሺ𝑥௛௜
∗ ሻ ൌ

1
𝛤ሺ0.3ሻ

𝑥௛௜
∗଴,ଷିଵ𝑒ି௫೓೔

∗
 

4. Population  
ℎ ൌ 1,2,3 𝑓ሺ𝑦௛௜

∗ ሻ ൌ
1

√2𝜋
𝑒ି

೤೓೔
∗మ

మ   𝑓ሺ𝑥௛௜
∗ ሻ ൌ

1

√2𝜋
𝑒ି

ೣ೓೔
∗మ

మ  

 
Table 2. Properties of strata 

 

Strata  Study variable Auxiliary variable 

1. Stratum 𝑦ଵ௜ ൌ 50 ൅ 𝑦ଵ௜
∗  𝑥ଵ௜ ൌ 15 ൅ටሺ1 െ 𝜌௫௬ଵ

ଶ ሻ𝑥ଵ௜
∗ ൅ 𝜌௫௬ଵ ቆ

𝑆ଵ௫
𝑆ଵ௬

ቇ 𝑦ଵ௜
∗  

2. Stratum  𝑦ଶ௜ ൌ 150 ൅ 𝑦ଶ௜
∗  𝑥ଶ௜ ൌ 100 ൅ටሺ1 െ 𝜌௫௬ଶ

ଶ ሻ𝑥ଶ௜
∗ ൅ 𝜌௫௬ଶ ቆ

𝑆ଶ௫
𝑆ଶ௬

ቇ 𝑦ଶ௜
∗  

3. Stratum  𝑦ଷ௜ ൌ 100 ൅ 𝑦ଷ௜
∗  𝑥ଷ௜ ൌ 200 ൅ටሺ1 െ 𝜌௫௬ଷ

ଶ ሻ𝑥ଷ௜
∗ ൅ 𝜌௫௬ଷ ቆ

𝑆ଷ௫
𝑆ଷ௬

ቇ 𝑦ଷ௜
∗  

 
Appendix 2 
 
N1<-5;N2<-5;N3<-5; 
N<-15 
S1x<-4.5;S2x<-6.2;S3x<-8.4 
S1y<-4.8;S2y<-4.8;S3y<-4.8 
r1<-0.5;r2<-0.7;r3<-0.9 
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Q<-1;W1<-N1/N;W2<-N2/N;W3<-N3/N; 
n<-c(2,3,4) 
y1<-rgamma(N1,1.5,1)+50 
y2<-rgamma(N2,1.5,1)+150 
y3<-rgamma(N3,1.5,1)+100 
x1<-15+sqrt(1-r1^2)*rgamma(N1,0.3,1)+r1*(S1x/S1y)*y1 
x2<-100+sqrt(1-r2^2)*rgamma(N2,0.3,1)+r2*(S2x/S2y)*y2 
x3<-200+sqrt(1-r3^2)*  rgamma(N3,0.3,1)+r3*(S3x/S3y)*y3 
Mx1<-mean(x1);Mx2<-mean(x2);Mx3<-mean(x3) 
My1<-mean(y1);My2<-mean(y2);My3<-mean(y3) 
CX1<-S1x/mean(x1) 
CX2<-S2x/mean(x2) 
CX3<-S3x/mean(x3) 
Mys<-W1*My1+W2*My2+W3*My3 
dat1<-cbind(y1,x1);dat2<-cbind(y2,x2);dat3<-cbind(y3,x3) 
y11<-NA;x12<-NA;y11s<-NA;x11s<-NA;x12s<-NA;Q1<-NA;Q2<-NA;Q3<-NA;Q4<-NA;Q5<-NA 
Q6<-NA;Q7<-NA;Q8<-NA;Q9<-NA;b1<-NA;b2<-NA;b1nk<-NA;b2nk<-NA;A1<-NA;A2<-NA;b<-NA 
y21<-NA;x22<-NA;x21s<-NA;x22s<-NA;y21s<-NA;MSE<-NA 
y31<-NA;x32<-NA;x31s<-NA;x32s<-NA;y31s<-NA;maa1<-NA;maa2<-NA;maa3<-NA 
ybart<-NA;MSEn<-NA 
cv12<-NA;cv22<-NA;cv32<-NA;Q10<-NA;Q11<-NA;Q12<-NA;b1n<-NA;b2n<-NA;ybartcv<-NA; 
for(i in 1 : 500){ 
m1<-c(sample(1:5,2,replace=F)) 
m2<-c(sample(1:5,3,replace=F)) 
m3<-c(sample(1:5,4,replace=F)) 
ma1=dat1[m1,];ma2=dat2[m2,];ma3=dat3[m3,] 
maa1<-as.data.frame(ma1) 
maa2<-as.data.frame(ma2) 
maa3<-as.data.frame(ma3) 
y11[i]<-mean(maa1$y1) 
x12[i]<-mean(maa1$x1) 
y11s[i]<-sd(maa1$y1) 
x12s[i]<-sd(maa1$x1) 
y21[i]<-mean(maa2$y2) 
x22[i]<-mean(maa2$x2) 
y21s[i]<-sd(maa2$y2) 
x22s[i]<-sd(maa2$x2) 
y31[i]<-mean(maa3$y3) 
x32[i]<-mean(maa3$x3) 
y31s[i]<-sd(maa3$y3) 
x32s[i]<-sd(maa3$x3) 
Q1[i]<-Q*W1*x12s[i]^4+Q*W2*x22s[i]^4+Q*W1*x32s[i]^4 
Q2[i]<-Q*W1*y11[i]*x12[i]+Q*W2*y21[i]*x22[i]+Q*W3*y31[i]*x32[i] 
Q3[i]<-Q*W1*x12s[i]^2*x12[i]+Q*W2*x22s[i]^2*x22[i]+Q*W3*x32s[i]^2*x32[i] 
Q4[i]<-Q*W1*x12s[i]^2*y11[i]+Q*W2*x22s[i]^2*y21[i]+Q*W3*x32s[i]^2*y31[i] 
Q5[i]<-Q*W1*x12[i]^2+Q*W2*x22[i]^2+Q*W3*x32[i]^2 
b1[i]<-(Q1[i]*Q2[i]-Q3[i]*Q4[i])/(Q1[i]*Q5[i]-Q3[i]^2) 
b2[i]<-(Q5[i]*Q4[i]-Q3[i]*Q2[i])/(Q1[i]*Q5[i]-Q3[i]^2) 
ybart[i]<-W1*y11[i]+W2*y21[i]+W3*y31[i]+b1[i]*(W1*(Mx1-x12[i]) 
+(W2*(Mx2-x22[i]))+(W3*(Mx3-x32[i])))+b2[i]*(W1*(S1x^2-x12s[i]^2) 
+W2*(S2x^2-x22s[i]^2)+W3*(S3x^2-x32s[i]^2)) 
MSE[i]<-(ybart[i]-Mys)^2 
 
#. ..new estimator..... 
cv12[i]<-x12s[i]/x12[i] 
cv22[i]<-x22s[i]/x22[i] 
cv32[i]<-x32s[i]/x32[i] 
Q10[i]<-Q*W1*cv12[i]*y11[i]+Q*W2*cv22[i]*y21[i]+Q*W3*cv32[i]*y31[i] 
Q11[i]<-Q*W1*cv12[i]*x12s[i]+Q*W2*cv22[i]*x22s[i]+Q*W3*cv32[i]*x32s[i] 
Q12[i]<-Q*W1*cv12[i]^2+Q*W2*cv22[i]^2+Q*W3*cv32[i]^2 
b1n[i]<-((Q10[i]*Q1[i]-Q4[i]*Q11[i])/(Q12[i]*Q1[i]-Q11[i]^2)) 
b2n[i]<-((Q4[i]*Q12[i]-Q10[i]*Q11[i])/(Q12[i]*Q1[i]-Q11[i]^2)) 
ybartcv[i]<-W1*y11[i]+W2*y21[i]+W3*y31[i]+b1n[i]*((W1*(CX1-cv12[i])) 
+(W2*(CX2-cv22[i]))+(W3*(CX3-cv32[i])))+b2n[i]*((W1*(S1x^2-x12s[i]^2)) 
+(W2*(S2x^2-x22s[i]^2))+(W3*(S3x^2-x32s[i]^2))) 
MSEn[i]<-(ybartcv[i]-Mys)^2 
res<-mean(MSE);res 
res2<-mean(MSEn);res2 
pre<-(res/res2)*100;pre 
pre1<-(res1/res2)*100;pre1 
} 

 

******* 
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